Adaptive optics can focus light through opaque media by compensating the random phase delay acquired while crossing a scattering curtain. The technique is commonly exploited in many fields, including astrophysics, microscopy, biomedicine and biology. A turbid lens has the capability of producing foci with a resolution higher than conventional optics, however it has a fundamental limit: to obtain a sharp focus one has to introduce a strongly scattering medium in the optical path. Indeed a tight focusing needs strong scattering and, as a consequence, high resolution focusing is obtained only for weakly transmitting samples. Here we describe a novel method allowing to obtain highly concentrated optical spots even by introducing a minimum amount of scattering in the beam path with semi-transparent materials. By filtering the pseudo-ballistic components of the transmitted beam we are able to experimentally overcome the limits of the adaptive focus resolution, gathering light on a spot with a diameter which is one third of the original speckle correlation function.
, to control nonlinear systems 6, 19 such as random lasers [20] [21] [22] and to permit novel forms of secure communication 23 . These results are achieved by properly adjusting the wavefronts in order to correct for the de-phasing acquired due to the random propagation in the disordered medium. The key enabling technology is the Spatial Light Modulator (SLM), a device which enables a point per point control of the wavefront of a coherent light beam. In practice by setting with the SLM the input beam shape it is possible to control the wavefront at the output of an optical system with an unknown scattering matrix. Various strategies have been developed to obtain light focused at a user defined location: time reversal phase conjugation 24, 25 , transmission matrix measurement 26, 27 or phase scan based algorithms [28] [29] [30] . Vellekoop and colleagues demonstrated that the minimum spot size achievable through adaptive focusing in strongly scattering materials is defined by the speckle correlation function 14 : in practice its limit is the speckle grain. The speckle pattern is a random distribution of bright and dark areas due to random interference of countless light paths transmitted through disorder and its grain size depends on the length L and scattering mean free path ℓ [31] [32] [33] : in transmission geometry, when the scattering strength increases, the typical grain of the speckle pattern becomes smaller. In order to obtain a tight focus through a scattering sample one has to exploit thick samples because high resolution is obtained in exchange of throughput 34 , which is a critical obstacle for modern adaptive super-resolution techniques 16, 17 , currently limited to low transmittance experiments only. Approaches based on dark field configuration improve visibility at the target 16 , but do not allow selecting the speckle components in order to improve the effective resolution of the system. Optical Eigenmode (OEi) approaches were tested to achieve sub-diffraction optical features in free space for minimizing the size of a focused optical field 35 . The combination of particular photonic structures and wavefront correction by OEi methods have been exploited to produce subwavelength foci 36, 37 . However, to date and to the best of our knowledge, adaptive foci with a resolution under the limit of the speckle pattern correlation function have never been demonstrated.
The current optical techniques adopted for bio-imaging are efficient enough up to the first millimeter in depth (1 transport-mean-free-path) 4 and wavefront modulation appears to be the best solution for correcting imaging quality 3, 38 and for suppressing the turbidity 39 at any diffusive regimes. Here we propose an experimental technique which permits to achieve sharp adaptive focusing through weakly scattering samples.
A single speckle pattern results from the superimposed contribution of many different components. Wavefront shaping is an optimization process which aims at maximizing the intensity at the target. In semi-transparent media the larger speckle grains correspond to higher intensities, and hence the focusing process which exploits intensity as a feedback automatically selects configurations with larger grains to increase intensity and thus producing larger foci. In our work, we demonstrate that using the high-pass spatial filter we can select those small grains, which are hidden due to dynamic range limitations, but nevertheless present within the speckle pattern and not accessible otherwise. In other words, by appropriately selecting some of the components during the optimization we exploit hidden degrees-of-freedom that maximize the effective numerical aperture of the opaque lens. Indeed, we can produce a focus smaller than the speckle pattern correlation function, effectively overcoming the theoretical limit previously proposed by Vellekop and coworkers 14 for strongly scattering media. The core idea consists of selecting only those light paths which experienced multiple scattering events by filtering the ones which have experienced only weak scattering. A spatial filter is employed for the selection of the appropriate light paths (modes) 40 and by exploiting a standard phase scan method 30 (see Methods) a stronger focusing with a smaller size speckle pattern is obtained. Furthermore the focus persists also if the filter is removed so that a sharp light spot is obtained within a speckle pattern with a much larger grain. By exploiting our protocol we are able to obtain a focus size approximately 68% smaller than the average speckle grain.
Results
Adaptive focusing with Spatial High Pass filter. The mode filtering relies on custom-made Spatial High Pass filters (HP filter) with diameters ranging from 0.35 mm up to 1.3 mm (see Methods). In Fig. 1a schematic representation of the experimental setup is shown: a SLM modifies the wavefront of the coherent light which impinges onto a scattering sample (S). During propagation through the turbid material, scattering decomposes an incident wave into multiple components which generate a speckle pattern by randomly interfering at the output of the sample. The speckle pattern is collected by an objective lens (OBJ) (see Methods for further details) and is projected behind it. At a distance of 150 mm from the rear face of the OBJ a lens L5 is placed to reproduce the speckle pattern (and a real image of the sample) at its focal length (see Fig. 1 ). On this plane the HP filter is aligned in order to block the central components of the speckle pattern: these components are related to modes which underwent a few scattering events (hence they are weakly scattered from the ballistic trajectory; we refer to them as "pseudo-ballistic"). Finally a 400 mm lens L6 produces an image on the CCD camera plane which is the conjugate plane of the image from L5. The image on the camera is the result of the superposition between modes not blocked by the HP filter or by the Polarizers (P1 and P2 with perpendicular orientations serve to eliminate ballistic contribution). Different samples were illuminated with the same beam waist (0.24 mm) and the back surface of each sample has been aligned on the focal plane of the OBJ. We define the Full Width at Half Maximum, FWHM (w) as the width of the intensity peak around the target spot.
The optimization protocol starts from a random SLM mask, splitting the wavefront into segments with random de-phasing. Then for each one of the segments the phase is shifted (see Methods) and the change is retained if the brightness at the target is enhanced, otherwise the previous configuration is restored. Our experimental setup allows for an enhancement factor (η) 13, 14 of 250, calculated as the ratio between the intensity at the target and the average intensity of the speckle pattern before optimization. In Fig. 2 we compare the values w obtained with the standard focusing approach 13, 14 (without filtering) for different samples characterized by the optical length / L (blue circles in Fig. 2) with the values obtained when the HP filter is used (red squares in Fig. 2) . We study the focusing resolution, measured as the full width at half maximum w for different scattering samples with controlled optical transmittance (sample thickness is varied from a few micrometers to hundreds of micrometers) corresponding to optical lengths between one and ten scattering mean free paths 33 (from / = .
The ratio / L was calculated from the measured direct transmission exploiting a modified Beer-Lambert law 33, 41 (see Methods). The results of Fig. 2 obtained for samples with different optical thicknesses / L , and presented by the blue circles, demonstrate that turbid lenses reach the optimum efficiency for an optical length of the order of the scattering mean free path.
The results of the same experiment with a HP filter applied as presented in Fig. 2 by the red squares, demonstrate that the FWHM of the foci obtained with the filter blocking the pseudo-ballistic modes (see sketch Fig. 2a ) is always smaller than the non-filtered case.
A Sharp Adaptive focus in a semi-transparent medium. We characterized the effects of the HP filters demonstrating strong adaptive focusing through semi-transparent materials. We measured the focus width, w, as a function of the HP filter diameter D, through a semi-transparent sample. By eliminating the pseudo-ballistic components, our filter selects modes which have suffered stronger scattering and thus produce a larger effective numerical aperture yielding a smaller speckle and a smaller focus. On average (statistics over 10 measurements), we obtained a focus which is of 0.32 ± 0.15 (one third) of that obtained when the filter is absent. Figure 4a presents a snap-shot of the initial speckle pattern generated through a semi-transparent sample, before the optimization, when the HP filter is not inserted; the pattern composed of large grains with an average diameter of 25 μ m estimated from the speckle correlation function. In Fig. 4b we report an image of the focus achieved with a 0.5 mm HP filter. A remarkable effect is observed after the removal of the HP filter; the adaptive focus is not affected and remains smaller than the speckle size as shown in Fig. 4c .
The filtering of the pseudo-ballistic modes is only needed during the optimization procedure, while the sharp focusing is retained after the filter removal. In Fig. 4d we compare the foci profiles. The solid curve correspond to the measurement obtained with the HP spatial filter, while the blue dashed curve corresponds to the standard focusing approach 13, 14 without filtering. In this case the effect of the filter is a reduction of the focus size by a factor of 0.52 ± 0.11; moreover, removing the spatial filter does not alter the focus, which maintains the same shape, while being surrounded by larger speckle grains. The focus waist obtained is 12.3 ± 0.8 μ m (blue profile in Fig. 4e) which is approximately the same as the size of the focus obtained with the filter (FWHM is of 12.1 ± 0.8 μ m, represented by the blue dashed curve in Fig. 4d,e) and is approximately half of the speckle size grains (FWHM of the speckle correlation function is 23.5 ± 2.5 μ m, represented by the dotted violet curve in Fig. 4e ). When the filter is absent the presence of the pseudo-ballistic modes increases the background signal with respect to the focus intensity decreasing the Peak-to-Background Ratio (η PBR ) calculated as the maximum intensity at the target divided by the average intensity of the background. We measured η PBR equal to 196 ± 35 with filter and equal to 16 ± 5 without filter (statistics over 10 measurements). The pseudo ballistic modes (with small numerical aperture) hide the modes associated with strongly scattering light paths (which produce a less intense contribution but a larger effective numerical aperture) making impossible to obtain a sharp focus when both the contributions are interfering on the image plane. This is demonstrated by measurements reported in Fig. 5 , where we report the radial distribution of the intensity in the plane of the filter: apparently, when the filter is absent (red curve) the intensity at r = 0 (pseudo ballistic modes) is large. The filter displaces the maximum at larger values of r thus it selects highly scattering modes.
The ratio of the modulated versus non modulated intensity (I M /I, see Methods) depends on the filter size D (Fig. 5b red open circles) . The black crosses in the same panel show the enhancement η (with filter) as a function of D. In the case studied in Fig. 4 , the enhancement drops from η 1 = 196 ± 35 (with filter) to η 2 = 16 ± 5, a factor η 2 /η 1 = 0.082, in perfect agreement with the value of I M /I = 0.080. In a nutshell when the filter is removed the signal-to-noise ratio decreases by a factor equal to the amount of non-modulated intensity which is added to the previous speckle. 
Discussion
We have demonstrated the enhanced adaptive focusing through weakly scattering media, by the introduction of a spatial filter in the image plane of the produced speckle pattern. The effect is a significant increase of the focusing resolution with a reduction of the spot size below the speckle size defined by the speckle correlation function. The method strongly improves the focusing resolution for turbid samples (turbid lenses) with optical lengths smaller than two scattering mean free path. The introduction of a spatial filter reduces the speckle size because pseudo-ballistic modes possess a reduced span of momentum components (thus producing a smaller effective numerical aperture) with respect to strongly scattered modes. This means that in the weak scattering regime, speckles result from a superposition of patterns possessing different grain size. Our filtering technique, selects a speckle with a smaller size during the optimisation protocol, and this allows the algorithm to exploit degrees of freedom which are "hidden" in the standard focusing optimisation. In fact, in the extremely weak scattering configuration, pseudo-ballistic modes are much more intense than the strongly scattering modes, thus producing a large grained speckle which hides the small grained speckles produced by the strongly scattering channels. With our approach we are thus able to select the components of a speckle pattern producing a focus with the maximum resolution. The presented results not only implement the state-of-art of the adaptive focusing process but may also open the way to a novel generation of high transmission, semi-transparent turbid lenses with high focusing resolution.
Methods

Setup.
A coherent laser source emitting at 594 nm is used while a homemade telescope (lens L1 + lens L2) magnifies the laser beam by 10× . Modulation is performed by a phase only Spatial Light Modulator (SLM) (Holoeye, Pluto, Berlin-Adlershof, Germany) that shapes the wavefront of the beam; a 50:50 beam splitter (BS) guarantees the beam and the SLM are perpendicular to each other. Hence, 50% of the light reflected by the SLM is directed along a perpendicular axis where a second telescope (lens L3 + lens L4) reduces the beam by 15× to 0.24 mm. A collimated beam impinges onto the scattering sample (S) and the output is collected by a 10× infinity corrected microscope objective (OBJ) with 0.25 numerical aperture. The combination of OBJ, L5 and L6 as described in Fig. 1 creates a magnification on the camera that corresponds to × 15. The liquid mixture is deposited on thin microscope cover slip glasses with a micro-pipette, a process that allowed to control the diameter of the droplet. The mixture is then solidified in an oven at 40 o C for 1 hour. Once the droplet has reached the solid state it remains permanently stable and static. To test the optical properties of the filters we fabricated a 0.40 mm thin film and we measured the absorption (A = 85%), reflection (R = 14.5%) and total transmission (T = 0.5%) with a spectrophotometer (Lambda 950, PerkinElmer, Waltham-Massachusetts, USA). The scattering samples are TiO 2 thin layers fabricated by sedimentation of water suspensions and subsequent evaporation of the water. We exploited TiO 2 Anatase nano-powder with particle size < 25 nm (Sigma-Aldrich, St. Louis, MO,USA). In order to control the optical path-length the concentration of the solution was varied from 2% to 0.5%. Samples were let to sediment and to dry at 30 o C in an oven end we used the evaporation method 42 . In TiO 2 slabs absorption can be neglected and elastic scattering is the only loss mechanism. Employing a modified Beer-Lambert Law 32, 33, 41 we have that after a thickness L, a ballistic beam attenuates as:
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where I OUT represents the intensity exiting the slab when the intensity I IN impinges on it. Inverting the equation we can estimate the optical length of the sample ( / L ), which provides a measure of the scattering properties 41 .
Algorithm.
A mask is composed on the SLM by 40 × 40 segments with a 255 grayscale each, corresponding to a fixed de-phasing of the light reflected within a range from 0 up to 5.5π . After setting the target, the algorithm tests a series of 50 random masks picking the one providing the best intensity value at the target position (preliminary optimization). Starting from this configuration, the algorithm starts a routine which tests a phase shift of π and − π for a single segment accepting it only if an intensity enhancement on the target is measured, otherwise the previous configuration is restored. This routine is repeated for each segment. The same process is used for testing a phase shift of π /2 and -π /2.
I M /I. In order to measure the effective intensity modulated by the SLM during the focusing process when the spatial filter is inserted we grabbed a direct image of the plane of the filter, the total camera counts correspond to the modulated intensity I M . We compared I M with the total camera counts from the same plane in absence of filter I. The ratio I M /I evaluates the factor of loss for the Peak-to-Background Ratio enhancement (η PBR ) of the focus for the two case without and with the filter.
